W3 Constructions on Affine Lie Algebras by Deckmyn, A. & Schrans, S.
ar
X
iv
:h
ep
-th
/9
10
90
10
v2
  1
6 
Se
p 
19
91
Preprint-KUL-TF-91/33
W3 constructions
on
affine Lie algebras
Alex Deckmyn1 and Stany Schrans2
Instituut voor Theoretische Fysica
K.U. Leuven, Celestijnenlaan 200-D
B-3001 Leuven
BELGIUM
Abstract
We use an argument of Romans showing that every Virasoro con-
struction leads to realizations of W3, to construct W3 realizations on
arbitrary affine Lie algebras. Solutions are presented for generic values
of the level as well as for specific values of the level but with arbitrary
parameters. We give a detailed discussion of the ŝu(2)ℓ-case. Finally,
we discuss possible applications of these realizations to the construc-
tion of W -strings.
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1. It has become clear in the last few years that W -algebras—nonlinear
extensions of the Virasoro algebra by additional primary fields of dimension
greater than two—play an important roˆle in two-dimensional conformal field
theory as well as in integrable systems. These algebras have recently been
gauged, giving the so-called W -gravity theories.
In order to study the representation theory of these algebras, it is con-
venient to realize them in terms of simpler structures, such as free fields or
affine currents. The interest in realizations of conformal field theories on
affine algebras has increased considerably since it has been noted that the
Sugawara and coset energy-momentum tensors are but specific examples of
far more general “Virasoro constructions”. The most general realization of a
Virasoro algebra as a quadratic combination of affine currents (including pos-
sible background charges) leads to a set of coupled algebraic equations [1, 2].
Though only quadratic, these “master equations” have so far resisted any
attempt at a general solution. However, the use of specific ansa¨tze has led to
numerous new solutions, lifting a tip of the veil on this space of constructions.
See e.g. [3, 4] for some of these new solutions and early developments.
For W -algebras, and in particular for its simplest example, W3, an analo-
gous approach has been unsuccessful up to now. In fact, the straightforward
albeit tedious task of writing down the corresponding “master equations”
for W3—and thus generalizing the coset solutions of [5]—still remains to be
done. So far, the most general results have been obtained in [6] for W3, using
N free scalar fields—i.e. an abelian affine algebra (û(1))N .
In this letter, we construct realizations of W3 for arbitrary affine Lie
(super)algebras. The starting point is an argument by Romans in [6] which
reduces the problem ofW3 constructions to the one of Virasoro constructions.
Although this certainly does not give the most general W3 construction, it
allows us to associate many different such constructions with every affine
algebra. We illustrate this method with various affine algebras, yielding
constructions for generic values of the level as well as for specific values of
the level but with free parameters. In particular, we write down explicitly
a realization of W3 in terms of ŝu(2) currents for generic value of the level.
Also, we show how the c = 2 free field realization ofW3 from [7] can be recast
as an affine one-parameter construction on ŝu(2)4× û(1). Finally, we discuss
possible applications of these realizations to the constructions of W -strings.
2. The W3 algebra [8] is an extension of the Virasoro algebra, which is
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generated by an energy-momentum tensor T (z) satisfying
T (z)T (w) =
c/2
(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
z − w + regular, (1)
and a dimension 3 primary field W (z) with
T (z)W (w) =
3W (w)
(z − w)2 +
∂W (w)
z − w + regular. (2)
The W (z)W (w) operator product expansion is more complicated; it is given
by
W (z)W (w) =
c/3
(z − w)6 +
2T (w)
(z − w)4 +
∂T (w)
(z − w)3
+
32
5c+22
Λ(w) + 3
10
∂2T (w)
(z − w)2 +
16
5c+22
∂Λ(w) + 1
15
∂3T (w)
z − w + regular,
(3)
where we have introduced the composite field
Λ(z) = (TT )(z)− 3
10
∂2T (z). (4)
As usual, the brackets around operators denote normal ordering defined by
point-splitting regularization.
Starting from an arbitrary conformal field theoryA, whose energy-momen-
tum tensor T0(z) generates a Virasoro algebra (1) with central charge c0, one
can construct a realization of W3 in the following way [6]. One adds a û(1)
current J(z), commuting with T0(z), with operator product expansion
J(z)J(w) =
1
(z − w)2 + regular, (5)
and an energy-momentum tensor
Tû(1)(z) =
1
2
(JJ)(z) +
1
2
√
1− c0∂J(z), (6)
generating a Virasoro algebra with central charge 3c0 − 2. The energy-
momentum tensor for A × û(1) is then given by T (z) = T0(z) + Tû(1)(z)
and generates a Virasoro algebra with central charge
c = 2(2c0 − 1). (7)
2
It is then a straightforward exercise to check that1
W (z) = − 2
√
2
3
√
5c+ 22
[
(J(JJ))(z) +
3
2
√
1− c0(J∂J)(z)
+
1− c0
4
∂2J(z)− 6(JT0)(z)− 3
2
√
1− c0∂T0(z)
]
(8)
is a dimension 3 primary field w.r.t. T (z) and generates a W3 algebra on
A× û(1). In fact, one can explicitly check that another choice of coefficients
in (6) and (8) does not lead to a W3 algebra for generic c0.
The power of this method resides in the fact that it reduces the search
for generalized W3 constructions to the one for generalized Virasoro con-
structions; the latter one being much simpler2. In fact, as mentioned in the
introduction, such generalized Virasoro constructions have recently received
a lot of attention in the context of affine Lie algebras. Every such generalized
Virasoro construction on an affine Lie algebra ĝ hence automatically provides
a realization ofW3 on ĝ× û(1), but in some cases also on ĝ, as we will explain
shortly.
Notice that this construction does not display a “conjugation” property
analogous to the one for the Virasoro construction on affine Lie algebras
[1], where the energy-momentum tensors generating a Virasoro algebra come
in pairs. Given any such energy-momentum tensor T (z), one can of course
construct aW3 algebra starting from this tensor or from its conjugate partner
T˜ (z) = TSugawara(z) − T (z). However, since the Sugawara tensor has no
“natural” generalization to the W3 algebra [5], there is no straightforward
generalization of this conjugation property to W3.
Let us illustrate the above construction with some examples.
3. The standard Virasoro construction on a simple affine algebra ĝ at level
ℓ is the Sugawara construction with central charge c0 = ℓdim g/(ℓ + hg),
where hg denotes the dual coxeter number of g. This naturally leads to a W3
construction on ĝℓ × û(1) with central charge
c =
2[ℓ(2dim g − 1)− hg]
ℓ+ hg
. (9)
1We have done this using the MathematicaTM package OPEdefs [9].
2Of course not all W3 realizations are of this form, see e.g. the coset construction of
[5].
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The generalization to semi-simple algebras is straightforward. These values
are summarized for the simple algebras in table 1.
algebra central charge
ŝu(n)ℓ × û(1)
ŝo(2n)ℓ × û(1) 2[ℓ(4n
2−2n−1)−2n+2]
ℓ+2n−2
ŝo(2n+ 1)ℓ × û(1) 2[ℓ(4n
2+2n−1)−2n+1]
ℓ+2n−1
ŝp(2n)ℓ × û(1) 2[ℓ(4n
2+2n−1)−n−1]
ℓ+n+1
(Ĝ2)ℓ × û(1) 2(27ℓ−4)ℓ+4
(F̂4)ℓ × û(1) 2(103ℓ−9)ℓ+9
(Ê6)ℓ × û(1) 2(155ℓ−12)ℓ+12
(Ê7)ℓ × û(1) 2(265ℓ−18)ℓ+18
(Ê8)ℓ × û(1) 2(495ℓ−30)ℓ+30
table 1: W3-construction on Sugawara
ĝℓ × û(1) for simple g
The method can of course be applied to more general Virasoro construc-
tions than the Sugawara one: it holds in particular for any of the coset
energy-momentum tensors and for any of the new irrational Virasoro con-
structions on affine Lie algebras—see e.g. [3, 4]—or even affine Lie super-
algebras [10, 11], and also for the different one-parameter solutions at fixed
level with fixed value of the central charge [3, 4, 11].
4. In fact, the method is not restricted to ĝ × û(1), but can be applied to
any affine ĝ. Indeed, the commuting û(1) current may sometimes be taken
in ĝ itself. Let us illustrate this with the coset construction.
Suppose that g has a subalgebra h and consider the coset energy-momen-
tum tensor Tg/h(z) = Tg(z)− Th(z) where Tg(z) and Th(z) are the Sugawara
energy-momentum tensors for ĝ and ĥ, respectively. Any current J(z) in ĥ
commutes automatically with Tg/h(z), leading to a construction on ĝ. This
is rather surprising since it means that a W3 algebra can be constructed
using currents of any arbitrary affine Lie (super)algebra, provided it has a
Sugawara energy-momentum tensor! Consider as an example ĝ = ŝu(2) with
arbitrary level ℓ. The defining operator product expansion can be written as
J i(z)J j(w) =
ℓδij/2
(z − w)2 +
iǫijkJk(w)
z − w + regular, (10)
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where ǫijk is completely antisymmetric and ǫ123 = 1. Take as subalgebra the
û(1) generated by J3(z), leading to the coset energy-momentum tensor
T0(z) = Tsu(2)/u(1)(z) =
1
ℓ+ 2
(
(J1J1)(z) + (J2J2)(z)
)
− 2
ℓ(ℓ+ 2)
(J3J3)(z)
(11)
with central charge c0 = 2(ℓ−1)/(ℓ+2). Setting J(z) =
√
2
ℓ
J3(z) then leads
to a W3 algebra on ŝu(2)ℓ generated by
T (z) =
1
ℓ+ 2
(
(J1J1)(z) + (J2J2)(z) + (J3J3)(z)
)
+
√
4− ℓ
2ℓ(ℓ+ 2)
∂J3(z),
W (z) =
√
2
(13ℓ− 4)(ℓ+ 2)
2
√
2
ℓ
(
(J3(J1J1))(z) + (J3(J2J2))(z)
)
−2(ℓ+ 8)
3ℓ
√
2
ℓ
(J3(J3J3))(z) +
√
4− ℓ
ℓ+ 2
(
(J1∂J1)(z) + (J2∂J2)(z)
)
−ℓ + 4
ℓ
√
4− ℓ
ℓ+ 2
(J3∂J3)(z)− 4− ℓ
12
√
2
ℓ
∂2J3
 (12)
with central charge
c = 6
ℓ− 2
ℓ+ 2
. (13)
For ℓ = 4 (c = 2) this realization becomes extremely simple: T (z) is then
the Sugawara tensor, while the noncubic terms in W (z) vanish.
It was pointed out in [4] that a number of the new irrational ŝu(3) Vi-
rasoro constructions commute with one of the ŝu(3) currents. There too, an
additional û(1) current is not needed.
5. When the conformal field theory A has central charge c0 = 1, then
(6) and (8) become particularly simple, since the square roots vanish in that
case. A nice example is provided by the one-parameter Virasoro construction
for ŝu(2) at level 4 of [2] which has c0 = 1. Adding a commuting û(1)
current J0(z) =
√
2J(z) to the algebra (10) with ℓ = 4, the W3 realization
corresponding to the one-parameter ŝu(2)#4 solution can be written as
T (z) =
3∑
µ=0
λµ(JµJµ)(z),
5
√
2W (z) = −1
3
(J0(J0J0))(z) +
3∑
µ=0
λµ(J0(JµJµ))(z), (14)
where the λµ satisfy
3∑
i=1
λi = λ0 =
1
4
(15)
and
3∑
i=1
(λi)2 =
1
16
. (16)
They are thus determined up to an arbitrary parameter θ and can be written
explicitly as λ0 = 1
4
and
λ1 = −1
3
cos
θ
2
cos
(
θ
2
+
2π
3
)
,
λ2 = −1
3
cos
(
θ
2
+
2π
3
)
cos
(
θ
2
+
4π
3
)
,
λ3 = −1
3
cos
(
θ
2
+
4π
3
)
cos
θ
2
. (17)
This algebra has central charge equal to two. It has been shown that the
one-parameter Virasoro construction ŝu(2)#4 has a realization in terms of a
free scalar field compactified on a circle [12]. Plugging this realization in (14)
yields precisely the free field realization at c = 2 of [7]. A natural question
to ask at this point is whether this generalizes to the other Wn algebras [13],
i.e. does the (Miura) free field realization of Wn, at c = n− 1 have a similar
interpretation of a Wn construction on a nonabelian affine Lie algebra?
6. A classical version of the W3 algebra can be gauged to give a W3 gravity
theory [14]. The corresponding quantum theory is in general anomalous [15].
The universal anomalies vanish if the matter system has critical charge ccrit =
100 [16], while matter anomalies are related to the fact that a realization
of the classical W3 algebra is not necessarily a realization of the quantum
W3 algebra (the one considered here), and depend on the explicit form of
the realization. Any (quantum) realization of W3 with c = 100 is thus a
candidate to construct anomaly-free W3 gravity, and hence W3 string theory.
Taking into account four spacetime dimensions, this leads to a conformal
6
field theory A with central charge c0 = 49/2. A little experimenting with
the c-values of table 1, reveals a considerable number of possibilities, most
of which are, unfortunately, quite complicated. The simplest example on
Sugawara ĝl × û(1) is ĝℓ = ŝo(49)1, while ŝo(51)1û(1) × û(1) and
ŝu(1,1|7)85
û(1)
× û(1)
give examples3 where no external û(1) is needed. We leave it as an exercise
to the industrious reader to work out her or his favourite examples.
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